We have systematically investigated the decuplet (T) to octet (B) baryon (T → Bγ) transition magnetic moments to the next-to-next-to-leading order and electric quadruple moments to the nextto-leading order in the framework of the heavy baryon chiral perturbation theory. Our calculation includes the contributions from both the intermediate decuplet and octet baryon states in the loops. Our results show reasonably good convergence of the chiral expansion and agreement with the experimental data. The analytical expressions may be useful to the chiral extrapolation of the lattice simulations of the decuplet electromagnetic properties.
I. INTRODUCTION
The electromagnetic property of baryons has been an important topic in both theory and experiment. There have been extensive investigations of the baryon magnetic moments . On the other hand, the baryon decuplet to octet electromagnetic transition also probes the inner structure and possible deformation of both the decuplet and octet batyons. In the past several decades, there have been many investigations of the transition properties from both experimental and theoretical perspectives.
The model-independent analysis of the T → Bγ transition amplitude was first performed in Refs. [31, 32] . From the spin-parity selection rule, the T → Bγ transition amplitudes contain the magnetic dipole (M 1), electric quadrupole (E2), and Coulumb quadrupole (C2) contributions. In the quark-model picture, a spin flip of a quark in the s-wave state leads to the M 1 type of transition, while any d-wave admixture in the octet or the decuplet wave functions allows for the E2 and C2 transitions. Thus, the E2 to M1 ratio R EM is a signature of the d-wave components and the deviation of the nucleon from spherical symmetry. One of the first successes of the constituent quark model was the prediction of the ∆(1232) → N γ transition magnetic moment [33] . If d-waves are included, the electromagnetic ratios are nonzero [34] . Since then, more sophisticated quark models have been developed to study the ∆(1232) → N γ transition [35] [36] [37] [38] [39] [40] [41] . In Ref. [42] , the authors studied the magnetic moments of ∆(1232) → N γ transition with relativistic quark models improved by chiral corrections.
Although quark model is rather successful in predicting the internal structure of the baryons, the ∆(1232) → N γ transition magnetic moment is generally underestimated by 25% in the constituent quark model. The decuplet and octet baryons are almost degenerate. Moreover, the decuplet baryon nearly entirely decays into the Goldstone boson and octet. It is essential to consider the Goldstone boson cloud effect.
Chiral perturbation theory (ChPT) [43] is a very useful framework to take into account the chiral corrections in hadron physics in the low-energy regime. In Ref. [44] , the authors studied T → Bγ transition with heavy baryon chiral perturbation theory (HBChPT) [45] to next-to-leading order. In Ref. [46] , the "small scale expansion" (SSE) [47] was used to calculate the transition form factors to O(ǫ 3 ) with two light mass scales included: the pion mass and the octet and decuplet baryon mass splitting. The decuplet to octet baryon electromagnetic transition form factors have also been calculated in quenched and partially quenched chiral perturbation theory in Ref. [48] . An analysis of the electromagnetic transition current was presented to O(ǫ 3 ) in the framework of the non-relativistic SSE chiral effective field theory in Ref. [49] . In Ref. [50] , the authors performed a relativistic chiral effective-field theory calculation of the pion electroproduction off the nucleon reaction in the ∆(1232) resonance region.
Besides the quark models and ChPT, the T → Bγ transition was also studied with various approaches such as the the cloudy bag model [51] [52] [53] , Skyrme model [54] [55] [56] , QCD sum rules [57] , large N C limit [58, 59] and lattice QCD [60] [61] [62] [63] . Especially, the electromagnetic transition moments of the baryon octet to decuplet were first calculated with quenched lattice QCD simulation in Ref. [60] . The electromagnetic form factors of the ∆(1232) → N γ transition were evaluated both in quenched lattice QCD and using two dynamical Wilson fermions in Refs. [61, 62] . In Ref. [63] , the authors studied the valence quark contributions to the ∆(1232) → N γ transition in the lattice QCD regime in the framework of the covariant spectator formalism.
In this work, we will calculate the T → Bγ transition amplitudes up to O(p 4 ) (or O(ǫ 4 )) and extract the transition magnetic moments to O(p 3 ) in the framework of HBChPT. We explicitly consider both the octet and decuplet intermediate states in the loop calculation as the octet and decuplet baryons couple strongly. We use the dimensional regularization and modified minimal subtraction scheme to deal with the divergences from the loop corrections. At last, we discuss the convergence of the chiral expansion of the transition magnetic moments. We also systematically calculate the electro quadrupole moments to next-to-leading order and obtain the E2 to M1 ratio R EM for the decuplet to octet baryon transitions. We collect the M1 and E2 amplitudes and decay width of the decuplet to octet baryon transitions in the Appendix C. This paper is organized as follows. In Section II, we discuss the decuplet to octet baryon electromagnetic transition form factors. We introduce the effective chiral Lagrangians of the decuplet baryon in Section III. In Section IV, we calculate the decuplet to octet baryon transition magnetic moments order by order. We estimate the low-energy constants and present our numerical results in Section V and conclude in Section VI. We collect some useful formulae and the coefficients of the loop corrections in the Appendix A and B.
II. DECUPLET TO OCTET BARYON ELECTROMAGNETIC TRANSITION FORM FACTORS
When the electromagnetic current is sandwiched between decuplet and octet baryon states, one can write down the general matrix elements which satisfy the gauge invariance, parity conservation and time reversal invariance [32] :
with
where p and p ′ are the momenta of the octet and decuplet baryons. In the above equations, P =
is octet-baryon mass, M T is decuplet-baryon mass, and u ρ (p) is the Rarita-Schwinger spinor for an on-shell heavy baryon satisfying p ρ u ρ (p) = 0 and γ ρ u ρ (p) = 0. In the heavy baryon limit, the baryon field B can be decomposed into the large component N and the small component H.
where v µ = (1, 0) is the velocity of the baryon. For the decuplet baryon, the large component is denoted as T µ . Now the decuplet to octet matrix elements of the electromagnetic current J µ can be parameterized as
The tensor O ρµ can be parameterized in terms of two Lorentz invariant form factors.
In the following, we shall use Eq. (6) to define the electro quadrupole (E2) and magnetic-dipole (M1) multipole transtion form factors between the decuplet and octet baryons. The multipole form factors are
Accordingly, the M 1 and E2 amplitudes are given by
where |q| = δ in the rest frame of decuplet baryon. The E2 to M1 ratio R EM , decay width and transition magnetic moment are expressed as
where α = The pseudoscalar meson fields are introduced as follows,
In the framework of ChPT, the chiral connection and axial vector field are defined as [64, 65] ,
where
f 0 is the decay constant of the pseudoscalar meson in the chiral limit. The experimental value of the pion decay constant
For the electromagnetic interaction,
The spin-1 2 octet field reads
For the spin-3 2 decuplet field, we adopt the Rarita-Schwinger field T µ ≡ T µabc [66] :
The leading order pseudoscalar meson and baryon interaction Lagrangians read [5, 66] 
where M B is octet-baryon mass, M T is decuplet-baryon mass,
We also need the second order pseudoscalar meson and decuplet-octet baryon interaction Lagrangians. Recall that
Both u µ and u ν transform as the adjoint representation. When the product u µ u ν belongs to the 8 1 , 8 2 ,10 and 27 flavor representation, we can write down four independent interaction terms of the second order pseudoscalar meson and baryon Lagrangians:
where the superscript denotes the chiral order and g t1,t2,t3,t4 is the coupling constant. In the framework of HBChPT, the baryon field B is decomposed into the large component N and the small component H. We denote the large component of the decuplet baryon as T µ . The leading order nonrelativistic pseudoscalar meson and baryon Lagrangians read [5] 
where L
0 and L (1) int are the free and interaction parts respectively. S µ is the covariant spin-operator. δ = M T − M B is the octet and decuplet baryon mass splitting. In the isospin symmetry limit, δ = 0.2937 GeV. We do not consider the mass difference among different decuplet baryons. The φN T coupling C = −1.2 ± 0.1 while the φT T coupling H = −2.2 ± 0.6 [67] . For the pseudoscalar mesons masses, we use m π = 0.140 GeV, m K = 0.494 GeV, and m η = 0.550 GeV. We use the averaged masses for the octet and decuplet baryons, and M B = 1.158 GeV, M T = 1.452 GeV.
The second order pseudoscalar meson and baryon nonrelativistic Lagrangians read
The above Lagrangians contribute to the decuplet to octet baryon transition magnetic moments in diagram (d) of Fig. 2 . After loop integration, the contribution of the g t3 term vanishes. Moreover, the contribution of the g t4 term is exactly proportional to that of the g t2 term up to this order. Thus, there are only two linearly independent low energy constants (LECs) g t1 and g t2 which contribute to the present investigations of the decuplet to octet baryon transition form factors up to O(p 4 ). So we rewrite the second order nonrelativistic pseudoscalar meson and baryon Lagrangians asL
whereg t1 andg t2 are the φφT N coupling constants to be fitted. In Eq. (28) of Ref. [68] , there are two interaction terms considering flavor representation. However, only one LEC contributes to the electromagnetic form factors of the decuplet baryons.
B. The electromagnetic chiral Lagrangians at
The lowest order O(p 2 ) Lagrangian contributes to the magnetic moments and magnetic dipole form factors of the decuplet baryons at the tree level [5] 
where the coefficient b was extracted in the calculation of the magnetic moments of the decuplet baryons in Ref. [68] . The chirally covariant QED field strength tensor F ± µν is defined as
where r µ = l µ = −eQA µ . The operator F ± µν transforms as the adjoint representation. Recall that the direct product 10 ⊗10 = 1 ⊕ 8 ⊕ 27 ⊕ 64 contains only one adjoint representation. Therefore, there is only one independent interaction term in the O(p 2 ) Lagrangians for the magnetic moments of the decuplet baryons. The lowest order Lagrangians which contribute to the magnetic moments of the octet baryons at the tree level are,
where the two LECs were extracted in the calculation of the magnetic moments of the octet baryons in Ref. [8] :
The lowest order Lagrangians which contribute to the decuplet-octet transition magnetic moments at the tree level are
where b 2 is estimated with the help of quark model in Ref. [68] . The b 3 term does not contribute to the transition magnetic moments.
C. The higher order electromagnetic chiral Lagrangians
The O(p 3 ) Lagrangian which contributes to the electro quadrupole moments at the tree level reads
To calculate the transition amplitudes to O(p 4 ) and magnetic moments to O(p 3 ), we also need the O(p 4 ) electromagnetic chiral Lagrangians at the tree level. Recalling Eqs. (26), (27) 
where χ + =diag(0,0,1) at the leading order and the factor m s has been absorbed in the LECsd 1,2,3 . There is one more term which contributes to the transition magnetic moments,
However, its contribution can be absorbed through the renomalization of the LEC b 2 , i.e.
IV. FORMALISM UP TO ONE-LOOP LEVEL
We apply the standard power counting scheme of HBChPT. The chiral order D χ of a given diagram is given by [69] 
where N L is the number of loops, I M is the number of internal pion lines, I B is the number of internal octet or decuplet nucleon lines and N n is the number of the vertices from the nth order Lagrangians. As an example, we consider the one-loop diagram (a) in Fig. 2 . First of all, the number of the independent loops N L = 1, the number of the internal pion lines I M = 2, the number of the internal octet or decuplet nucleon lines I B = 1. For N 1 = 2, and N 2 = 1 we obtain D χ = 4 − 4 − 1 + 2 + 2 = 3. We use Eq. (44) to count the chiral order D χ of the matrix element of the current, eO ρµ . We count the unit charge e as O(p 1 ). The chiral orders of G 1 and G 2 are (D χ − 2) and (D χ − 3), respectively, since
The chiral order of magnetic dipole G M1 and electric quadrupole G E2 transition moments are (D χ − 1) and (D χ − 2) based on Eqs. (7) and (8) .
Throughout this work, we assume the exact isospin symmetry with m u = m d . The tree-level Lagrangians in Eqs. (39) , (41) contribute to the decuplet magnetic moments at O(p 1 ) and O(p 3 ) as shown in Fig. 1 . The Clebsch-Gordan coefficients for the various decuplet states are collected in Table I . All decuplet magnetic moments are given in terms ofb 2 
There exist several interesting relations where we use the baryon "B" to denote "T → Bγ" in the last line,
There are sixteen Feynman diagrams at one-loop level as shown in Fig. 2 . All the vertices in these diagrams come from Eqs. (18), (30) (31) (32) (33) (34) (35) (36) (37) (38) (39) . In diagrams (a-b), the meson vertex is from the strong interaction terms while the photon vertex is from the meson photon interaction term in Eq. (18) . In diagram (c), the photon-meson-baryon vertex is from the O(p 2 ) tree level transition magnetic moment interaction in Eq. (39) . In diagram (d), the meson-baryon vertex is from the second order pseudoscalar meson and baryon Lagrangian in Eq. (33) while the photon vertex is also from the meson photon interaction term. In diagrams (e-h), the meson vertex is from the strong interaction terms in Eq. (31) while the photon vertex from the O(p 2 ) tree level magnetic moment interaction in Eqs. (35), (38) , (39) . In diagram (i-l), the two vertices are from the strong interaction and seagull terms respectively. In diagrams (m-p), the meson vertex is from the strong interaction terms while the photon vertex from the O(p 2 ) tree level transition magnetic moment interaction in Eq. (39) .
The diagrams (a) and (b) contribute to the tensor eO ρµ at O(p 3 ) while the diagrams (c-p) contributes at O(p 4 ). The diagrams (i-l) vanishes in the heavy baryon mass limit. In particular,
βρ is the non-relativistic spin- Summing all the contributions in Fig. 2 , the leading and next-to-leading order loop corrections to the decuplet to octet baryon transition magnetic moments can be expressed as
where λ = 1 GeV is the renormalization scale. The coefficients β With the low energy counter terms and loop contributions (51, 52) , we obtain the magnetic moments,
where µ
T and µ (3,tree) T are the tree-level magnetic moments from Eqs. (39), (41) . Summing all the contributions to electric quadrupole moments in Fig. 2 , the leading and next-to-leading order loop corrections can be expressed as The decuplet to octet baryon transition GM1(q 2 = 0) to the next-to-next-to-leading order (in unit of 1).
43 (15) 
From the tensor eO ρµσ up to O(p 4 ), with the low energy counter terms and loop contributions (65, 66) , we obtain the electric quadrupole moments at the next-to-leading order,
is the tree-level electro quadrupole moments from Eq. (40).
V. NUMERICAL RESULTS AND DISCUSSIONS
We collect our numerical results of the baryon decuplet to octet baryon transition magnetic moments to the nextto-next-to-leading order in Table I We use the precise experimental measurement of the ∆ → N γ transition magnetic moment µ ∆→N γ = (−3.43 ± 0.15)µ N as input to extractb 2 = 2.97 ± 0.13. The magnetic moments of the other decuplet baryons are given in the second column in 
Up to O(p 2 ), we need include both the leading tree-level magnetic moments and the O(p 2 ) loop corrections. At this order, all the coupling constants are well-known. There do not exist new LECs. Again, we use the experimental value of the ∆ → N γ transition magnetic moment µ ∆→N γ = (−3.43 ± 0.15)µ N as input to extract the LECb 2 = 4.87 ± 0.13. We list the numerical results in the third column in Table II , where the errors in the brackets are dominated by the errors of the coupling constants C, H in Eq. (31) . Notice that the Σ * + → Σ + γ transition magnetic moment to O(p 2 ) is quite small compared to the experimental value, which will be improved when the O(p 3 ) contribution is included. In other approaches in Table IV, Table II . In order to study the convergence of the chiral expansion, we show the numerical results at each order for the transition magnetic moments:
For the U-spin forbidden processes, their magnetic moments vanish at O(p 1 ). Their total magnetic moments arise from the loop contributions at O(p 2,3 ) and the tree-level LECs d 1,2,3 at O(p 3 ) which are related to the strange quark mass correction. For the other processes, one observes rather good convergence of the chiral expansion and the leading order term dominates in these channels.
In the second fit (Fit B), considering transition magnetic moments of Σ * + → Σ + γ and Ξ * 0 → Ξ 0 γ are the same in quark model as shown in Table XIII , we use the experimental value of the transition magnetic moments of ∆ → N γ, 
We collect our numerical results of the decuplet to octet baryon transition electro quadrupole moments to next-toleading order in Table III . Up to O(p 2 ), we need include both the leading tree-level magnetic moments and the O(p 1,2 ) loop corrections. The O(p 2 ) loop corrections in Fig 2 are zero, so there is only one unknown low energy constantc from Eq. (40) . We use the experimental value of the ∆ → N γ transition magnetic dipole moment G M1 = −3.12 ± 0.14 and the E2 to M1 ratio R EM = (−2.5 ± 0.5)% [78] as input to extract the LECc 2 = 0.475 ± 0.143. We list the numerical results of the transition electro quadrupole moments and the E2 to M1 ratio R EM in Table III. We also calculate the M1 and E2 amplitudes and decay width of the decuplet to octet baryon transitions in the Appendix C. Both fits A and B lead to the same decay width for Σ * 0 → Σ 0 γ. The E2 amplitude of the Σ * 0 → Σ 0 γ channel does not have any imaginary part because the π + and π − loop contributions cancel each other as shown in Table V each other due to the exact SU(2) flavor symmetry. The extracted M1 and E2 transition amplitudes and radiative decay widths may be useful for future experimental measurement.
VI. CONCLUSIONS
In short summary, we have systematically studied the decuplet to octet baryon transition magnetic moments up to the next-to-next-to-leading order in the framework of the heavy baryon chiral perturbation theory. With both the octet and decuplet baryon intermediate states in the chiral loops, we have systematically calculated the chiral corrections to the transition magnetic moments order by order. The chiral expansion converges rather well for the charged channels. In Table IV , we compare our results obtained in the HBChPT with those from other model calculations such as lattice QCD (LQCD) [60] , chiral quark model (ChQM) [70] , relativistic quark model (RQM) [71] , effective mass quark model (EQM) [72] , meson cloud (MS) [73] , U-spin [74] , QCD sum rules (QCD-SR) [57, 75] and large N c [76, 77] . We also list the experimental values from the PDG [78] . One may observe the qualitatively similar features for the transition magnetic moments. We have also systematically calculated the electro quadrupole moments to next-to-leading order and obtained the E2 to M1 ratio R EM for decuplet to octet baryon transition, which suggests the d-wave component and deformed structure of the octet and decuplet baryons. Our results may be useful for future experimental measurement of the electro quadrupole multipole moments.
The decuplet to octet baryon transition magnetic moments of ∆ + → pγ and ∆ 0 → nγ are always the same because of the exact SU(2) spin-flavor symmetry. Comparing the O(p 2 ) and O(p 3 ) Σ * + → Σ + γ transition magnetic moments to the experimental values, we want to emphasize the importance of the next-to-next-to-leading order chiral correction. As the current experimental data is not enough, we introduce two schemes to fit all LECs. Both fitting schemes lead to reasonably good convergence of the chiral expansion and agreement with the experimental data. We hope that more decuplet to octet baryon transition magnetic moments like Ξ * 0 → Ξ 0 γ will be measured more precisely in future experiments. Moreover, the analytical expressions derived in this work may be useful to the possible chiral extrapolation of the lattice simulations of the decuplet to octet baryon transition electromagnetic properties in the coming future. [60] , chiral quark model (ChQM) [70] , relativistic quark model (RQM) [71] , effective mass quark model (EQM) [72] , meson cloud (MS) [73] , U-spin [74] , QCD sum rules (QCD-SR) [57, 75] , large Nc [76, 77] , and PDG [78] (in unit of µN ).
Integrals with one or two meson propagators
where r = |1 − 4m 2 /q 2 |.
2. Integrals with one baryon propagator and one meson propagator
3. Integrals with two baryon propagators and one meson propagator
4. Integrals with one baryon propagator and two meson propagators
L α = n In this appendix, we collect the explicit formulae for the chiral expansion of the decuplet baryon magnetic moments at O(p 2 ) in Table V and O(p 3 ) in Tables VI, VII , VIII, IX and X, respectively.
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